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Abstract
In this paper, we consider singularly perturbed higher order partial differential equations.
We establish the condition under which the approximate solutions converge in a strong
topology to the entropy solution of a scalar conservation laws using methodology developed
in Hwang and Tzavaras (Comm. Partial Differential Equations 27 (2002) 1229). First, we
obtain the approximate transport equation for the given dispersive equations. Then using the
averaging lemma, we obtain the convergence.
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1. Introduction
For scalar multi-dimensional conservation laws
@tu þ
Xd
j¼1
@xj FjðuÞ ¼ 0; xARd ; tARþ: ð1:1Þ
there are available two equivalent notions for weak solutions: the Kruzhkov entropy
solution [8], stating that u satisﬁes the entropy inequalities
@tZðuÞ þ div qðuÞp0 in D0; ð1:2Þ
for any entropy pair Z q with Z convex, and the kinetic formulation of Lions et al.
[13]. Both concepts lead to uniqueness, stability theorems and error estimates for
approximate entropy solutions [8,16].
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Starting with Tartar [22], entropy pairs are used to determine compactness for
approximate solutions to (1.1). The compactness of a given family fueg of
approximate solutions bounded in some Lp-norm ðp41Þ appears to be determined
by compactness of the entropy dissipation measure in the sense
@tZðueÞ þ div qðueÞ is precompact in H1loc;x;t: ð1:3Þ
This has been proved in one-space dimension in both the LN and Lp stability settings
by Tartar [22] and Schonbek [20] (see [19] for a simpliﬁed proof using singular
entropies and [23] for an analysis of the compensated compactness bracket in multi-
dimensional—multi-d). Tartar’s framework is quite versatile and applies even to
approximations that do not yield entropy solutions. The goal of this article is to
show how the kinetic formulation compactness framework of Lions et al. [13] can be
easily adapted to analyze structure (1.3) in multi-d.
For multi-d conservation laws, convergence of approximate solutions is usually
deduced by using a framework of DiPerna [3] and Szepessy [21]. The argument
hinges on showing that a Young-measure solution (with certain regularity in time)
that satisﬁes (1.2) for all convex Z and is a Dirac mass at t ¼ 0 is in fact a regular
weak solution. It yields compactness for bounded families of approximate entropy
solutions, i.e. approximate solutions fueg that satisfy the dissipation structure
@tZðueÞ þ div qðueÞpPeðueÞ ð1:4Þ
with PeðueÞ-0 in D0 as e-0:
An alternative compactness framework is proposed in [13] by means of the kinetic
formulation and averaging lemmas (e.g. [17,18]). The framework in [13] is developed
for approximations that still satisfy (1.4). Nevertheless, as we will see, it can be easily
adapted to apply to structure (1.3). This is achieved by ﬁrst transforming the entropy
dissipation structure of the problem at hand to an approximate transport equation.
The process uses duality and we call it kinetic decomposition. It results to an
approximate transport equation where the right-hand side consists of ‘‘lower order
terms’’; then the averaging lemma of Perthame–Souganidis [18] yields compactness
of moments in Lp spaces.
This idea was used to show the convergence of the relaxation approximation of
Jin-Xin type, diffusion–dispersion approximation in [7] and kinetic models of BGK
type in [6]. We pursue this approach in a class of nonlinear dispersive equations:
In Section 2, we study a multi-d singular fourth order approximation:
@tu þ div FðuÞ ¼ e
Xd
j¼1
@xjxj u  d
Xd
j¼1
@xjxjxjxj u; xAR
d ; tX0;
uðx; 0Þ ¼ ue0ðxÞ; xARd ; ð1:5Þ
where FðuÞ ¼ ðF1ðuÞ;y; FdðuÞÞ and aj ¼ F 0j :
Convergence of (1.5) has been established for d ¼ Oðe6Þ in the one-dimensional
case by Cassis [1] (see also [27]) using the compensated compactness. In this paper,
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for multi-d case, we prove the strong convergence and establish the condition under
which, as e; d tend to 0; the approximate solutions ue;d converge in a strong topology
to the entropy solution of (1.1) using different methodology. In fact, the entropy
production is turned into a kinetic form using duality (see Section 2) and results to
an approximate transport equation,
@twe þ aðxÞ 
 rwe ¼
Xd
j¼1
@xj ð %gej þ @xgej Þ þ @xke; ð1:6Þ
for the function we ¼ 1ðueðx; tÞ; xÞ; where
1ðu; xÞ ¼
10oxou if u40;
0 if u ¼ 0;
1uoxo0 if uo0
8><
>: ð1:7Þ
is the usual Maxwellian associated with the kinetic formulation of scalar
conservation laws, %gei ; g
e
i-0 in L
2ðRd  Rþ  RÞ and ke is uniformly bounded in
measures. Convergence is then obtained via the averaging lemma in [18]. In the limit
e-0; we-1ðu; xÞ ¼: w which satisﬁes
@twþ aðxÞ 
 rw ¼ @xk in D0x;t;x; ð1:8Þ
with k a bounded measure. It turns out that if d ¼ oðe3Þ the bounded measure k is
positive and u an entropy solution. By contrast, if d ¼ Oðe3Þ; it is not clear whether
the limit measure k is positive (see Remark 4 for a discussion).
In Section 3, we consider one-dimensional singularly perturbed higher order
partial differential equations:
@tu þ Df ðuÞ ¼ eD2u  dCnDnu; xAR; tX0;
uðx; 0Þ ¼ ue0ðxÞ; xAR; ð1:9Þ
where D ¼ @@x; nAZþ; n42; e40; d40; and
Cn ¼ ð1Þ
n=2; n is even;
1 or þ 1; n is odd:
(
ð1:10Þ
Recall that the vanishing viscosity limit, which corresponds to d ¼ 0 and e-0; was
studied by several authors; this activity started with Oleinik’s [15] and Kruzhkov [8]
works. For more general viscosity coefﬁcients, see [14].
The vanishing dispersion limit (n ¼ 3; e ¼ 0; and d-0) has also been widely
investigated, see [10,24,25], and the survey paper by Lax [9].
The vanishing dispersion and diffusion limit (n ¼ 3; both e and d tend to zero) was
ﬁrst studied by Schonbek [20] (for more general case, see [2,12]); and later, Cassis [1]
extended Schonbek’s results to the case of n ¼ 4: Recently, more general case was
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studied by several authors, see [27–29]. They obtained the global existence and
regularity results of (1.9) for e; d40 and considered the convergence of solutions to
(1.9) as e and d tend to zero. In particular, Zhao [27] proved the convergence of (1.9)
to an entropy solution for a convex ﬂux function using measure-valued solution and
compensated compactness. In this paper, we extend his results to more general ﬂux
function and prove the convergence to a weak (and an entropy) solution (see
Theorem 7).
2. Multi-dimensional fourth order approximation
In this section, we study the singular fourth order approximation
@tu þ div FðuÞ ¼ e
Xd
j¼1
@xjxj u  d
Xd
j¼1
@xjxj xjxj u; xAR
d ; tX0;
uðx; 0Þ ¼ ue0ðxÞ; xARd ; ð2:1Þ
where FðuÞ ¼ ðF1ðuÞ;y; FdðuÞÞ and aj ¼ F 0j :
The objective is to show that solutions ue of (2.1) converge as e-0 toward a weak
solution ðu; vÞ; v ¼ FðuÞ; of the scalar conservation law
@tu þ div FðuÞ ¼ 0: ð2:2Þ
In preparation, recall that Z-q with q ¼ ðqjðuÞÞj¼1;y;d is an entropy–entropy ﬂux
pair if q0j ¼ ajZ0: Such pairs describe the non-linear structure of (2.2) and are
represented in terms of the kernel 1ðu; xÞ by the formulas
ZðuÞ  Zð0Þ ¼
Z
x
1ðu; xÞZ0ðxÞ dx;
qjðuÞ  qjð0Þ ¼
Z
x
1ðu; xÞajðxÞZ0ðxÞ dx; ð2:3Þ
where
1uðxÞ ¼ 1ðu; xÞ ¼
10oxou if u40;
0 if u ¼ 0;
1uoxo0 if uo0:
8><
>: ð2:4Þ
For an existence and uniqueness of solution to (2.1), Zhao [27] proved the
following:
Theorem 1. Suppose that FðuÞ ¼ 1
2
u2;y; 1
2
u2
 	
; do6; then, for each u0ðxÞAL2ðRdÞ;
the Cauchy problem (2.1) admits a unique global solution uðx; tÞ and uðx; tÞ belongs to
CN;NðRþ  RdÞ:
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Remark 1. (1) Due to the limitations of his techniques, for our case with d41; we
can consider the Cauchy problem with do6: The problem how to generalize to the
case of general ﬂux FðuÞ in arbitrary spatial dimensions remains an open problem.
(2) In this paper, we assume the ﬂux FðuÞ is globally Lipschitz to obtain the uniform
bounds (see Lemma 2). Still, Theorem 1 remains true following his proof in [27].
We begin with some estimates on smooth solutions ue of (2.1). In the sequel, we
use the notation ueAbX to denote sequences that are uniformly bounded in the norm
of the Banach space X :
Lemma 2. Suppose that Fj; j ¼ 1;y; d; are globally Lipschitz ðjF 0j jpAjÞ and assume
the data satisfy the uniform bounds
jjue0jjL2ðRd Þ þ e
Xd
j¼1
jj@xj ue0jjL2ðRd ÞpC: ð2:5Þ
Then we have
ueðx; tÞAbLNðRþ; L2ðRdÞÞ; ð2:6Þ
2e
Xd
j¼1
ð@xj ueðx; tÞÞ2AbL1ðRd  RþÞ; ð2:7Þ
2e2d
Xd
j¼1
ð@xjxjxj ueðx; tÞÞ2AbL1ðRd  RþÞ: ð2:8Þ
Proof. Let uðx; tÞ ¼ ue;dðx; tÞ: To derive the L2 estimate (2.6), we multiply Eq. (2.1)
by u and integrating over Rd  ð0; tÞ; after some integration by parts, we get
Z
Rd
juðtÞj2 dx þ 2e
Z t
0
Z
Rd
Xd
j¼1
juxj j2 dx dt
þ 2d
Z t
0
Z
Rd
Xd
j¼1
juxj xj j2 dx dt ¼
Z
Rd
ju0j2 dx: ð2:9Þ
To estimate uxkxkxk ; k ¼ 1;y; d; we differentiate Eq. (2.1) with respect to
the variable xk and then multiply by uxk : The right-hand side is identical to
the preceding case with u replaced by uxk : The ﬂux term is handled via the
identity ðu2xk F 0j Þxj ¼ 2uxk uxkxj F 0j þ ðuxkÞ
2
uxj F
00
j ; and we obtain
Z
Rd
juxk j2 dx þ 2e
Xd
j¼1
Z t
0
Z
Rd
juxjxk j2 dx dt þ 2d
Xd
j¼1
Z t
0
Z
Rd
juxj xjxk j2 dx dt
p
Z
Rd
ju0xk j2 þ
Xd
j¼1
Z t
0
Z
Rd
2jjF 0j jjNjuxjxk jjuxk j dx dt
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p
Z
Rd
ju0xk j2 dx þ
1
e
Xd
j¼1
jjF 0j jj2N
 !Z t
0
Z
Rd
juxk j2 dx dt
þ e
Xd
j¼1
Z t
0
Z
Rd
juxjxk j2 dx dt:
Using (2.9) and (2.5), we deduce thatZ
Rd
e2juxkðtÞj2 dx þ
Xd
j¼1
Z t
0
Z
Rd
e3juxjxk j2 dx dt
þ
Xd
j¼1
Z t
0
Z
Rd
e2djuxj xjxk j2 dx dt
p
Z
Rd
e2ju0xk j2 dx þ
Xd
j¼1
jjF 0j jj2N
 !Z t
0
Z
Rd
ejuxk j2 dx dtpOð1Þ: &
Remark 2. Let 1ðu; xÞ be the entropy kernel. Since ueALNðRþ; L2ðRdÞÞ we have for
K compact subset of Rd  RþZ
K
Z
x
j1ðue; xÞj dx
 2
dx dt ¼
Z
K
juej2 dx dtpC
and thus 1ðue; xÞAL2locðRd  Rþ; L1ðRÞÞ:
In the sequel, we use the limiting case of the averaging lemma proved in [18], see
also [17]:
Theorem 3. Let f fng; fgi;ng be two sequences of solutions to the transport equation
@t fn þ aðxÞ 
 rx fn ¼ @t@kxg0;n þ
Xd
i¼1
@xi@
k
xgi;n; ð2:10Þ
where kAN: Assume that aðxÞACNðRÞ satisfies the non-degeneracy condition: for
R40
oðbÞ ¼ sup
aAR;oASd1
Z
fjxjpRg
aþ aðxÞ 
 o
b


2
þ1
 !1
dx-0 as b-0: ð2:11Þ
If f fng is bounded in LqðRd  Rþ  RÞ; for some 1oqoN; and fgi;ng is
precompact in LqðRd  Rþ  RÞ; then the averageZ
R
cðxÞ fnðt; x; xÞ dx is precompact in LqðRd  RþÞ;
for any cACNc ðRÞ:
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Remark 3. (1) The non-degeneracy condition (2.11) is equivalent to for all R40
measfxABRjaþ aðxÞ 
 o ¼ 0g ¼ 0; 8aAR; oASd1; ð2:12Þ
where BR ¼ fjxjpRg: Condition (2.12) can be interpreted geometrically, and means
that the curve x/aðxÞ 
 oþ a is not locally contained in any hyperplane.
(2) An assumption on the behavior of aðxÞ is necessary; there would no
improvement of regularity in the case aðxÞ ¼ a ¼ const:
(3) By using cut-off functions, it is easy to show a variant of Theorem 3 stating
that under the same hypotheses if f fng is bounded in LqlocðRd  Rþ  RÞ and fgi;ng
are precompact in L
q
locðRd  Rþ  RÞ then the averages are precompact in LqlocðRd 
RþÞ for any cACNc ðRÞ:
Next, we state the main theorem of this section:
Theorem 4. Suppose the data satisfy (2.5), and Fj are globally Lipschitz functions that
satisfy the non-degeneracy condition (2.12) (or (2.11)).
(i) If d ¼ Oðe3Þ; then solutions ue of (2.1) converge along a subsequence to a function
u in L
p
locðRd  RþÞ; 1opo2; the limiting u is a weak solution of (1.1).
(ii) If d ¼ oðe3Þ; then u is the unique Kruzhkov entropy solution of (1.1).
Proof. Let d ¼ Oðe3Þ and denote by ue ¼ ue;dðx; tÞ: We multiply (2.1) by Z0ðueÞ and
obtain
@tZðueÞ þ div qðueÞ
¼ e
Xd
j¼1
@xj ðZ0ðueÞ@xj ueÞ  eZ00ðueÞ
Xd
j¼1
ð@xj ueÞ2
 d
Xd
j¼1
@xj ðZ0ðueÞ@xjxj xj ueÞ þ dZ00ðueÞ
Xd
j¼1
ð@xj ueÞð@xjxj xj ueÞ: ð2:13Þ
Let jðx; tÞACNc ðRd  RþÞ and let ZACNc ðRÞ be viewed as a test function. By
introducing the indicator function 1ðue; xÞ; we have

Z
x;t;x
1ðue; xÞ@tjðx; tÞ þ
Xd
j¼1
F 0j ðxÞ1ðue; xÞ@xjjðx; tÞ
 !
Z0ðxÞ dx dx dt
¼ 
Z
x;t
Xd
j¼1
ðe@xj ue  d@xjxjxj ueÞZ0ðueÞ@xjjðx; tÞ dx dt

Z
x;t
Z00ðueÞ e
Xd
j¼1
ð@xj ueÞ2  d
Xd
j¼1
ð@xj ueÞð@xj xjxj ueÞ
 !
jðx; tÞ dx dt ð2:14Þ
which is viewed as describing the action on tensor products j#Z0:
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We proceed to interpret (2.14) as an equation in D0x;t;x:
Let
weðx; t; xÞ ¼ 1ðue; xÞ;
Hej ðx; tÞ ¼ e@xj ue  d@xjxjxj ue;
Geðx; tÞ ¼ e
Xd
j¼1
ð@xj ueÞ2  d
Xd
j¼1
ð@xj ueÞð@xj xjxj ueÞ: ð2:15Þ
Hej ; G
eAbL1locðRd  RþÞ from Lemma 2. We wish to deﬁne dðue  xÞGe as a
distribution in D0x;t;x by its action on tensor products
/dðue  xÞGe;j#Z0S ¼
Z
x;t
Geðx; tÞjðx; tÞZ0ðueðx; tÞÞ dx dt: ð2:16Þ
This follows from the Schwartz kernel theorem (e.g. [5, Section 5.2]) as follows:
Deﬁne the linear map
K : CNc ðRÞ-D0ðRd  RþÞ by Kc ¼ Geðx; tÞcðueðx; tÞÞ:
If cj-0 in C
N
c ðRÞ then Kcj-0 in D0x;t: The kernel theorem implies that dðue 
xÞGe is well deﬁned as a distribution in D0x;t;x and acts on tensor products via (2.16).
Moreover,
/@xdðue  xÞGe;j#Z0S ¼ 
Z
x;t
Geðx; tÞjðx; tÞZ00ðueðx; tÞÞ dx dt: ð2:17Þ
Thus (2.14) is written as
/@twe þ aðxÞ 
 rwe; Z0ðxÞjðx; tÞS
¼
Xd
j¼1
Hej ; Z
0ðxÞjðx; tÞ
* +
þ/@xðdðue  xÞGeÞ; Z0ðxÞjðx; tÞS
Since the subspace generated by the direct sum test functions j#Z0 is dense in
CNc ðRd  Rþ  RÞ; bracket (2.18) is extended to test functions yðx; t; xÞACNc ðRd 
Rþ  RÞ: So, we have
@twe þ aðxÞ 
 rwe ¼
Xd
j¼1
@xj H
e
j ðx; tÞdðue  xÞ
 
þ @x Geðx; tÞdðue  xÞð Þ
¼:
Xd
j¼1
@xjp
e
j þ @xke in D0x;t;x: ð2:18Þ
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We estimate ﬁrst the terms pej : Let yðx; t; xÞACNc ðRd  Rþ  RÞ: Using the
estimates in Lemma 2, we see that for d ¼ Oðe3Þ
j/Hej dðue  xÞ; yðx; t; xÞSj ¼
Z
x;t
ðe@xj ue  d@xjxjxj ueÞyðx; t; ueðx; tÞÞ dx dt


p jje@xj ue  d@xjxj xj uejjL2x;t 
 jjyðx; t; u
eðx; tÞÞjjL2x;t
pCe1=2ðjje1=2@xj uejjL2x;t þ jje
5=2@xjxj xj u
ejjL2x;tÞjjyjjL2x;tðH1x Þ
pCe1=2jjyjjL2x;tðH1x Þ:
Here we used the following:
Z
x;t
y2ðx; t; ueÞ dx dt ¼
Z
x;t
Z ueðx;tÞ
N
2yyx dx dx dt
p 2
Z
x;t
Z ue
N
y2 dx
 1
2
Z ue
N
ð@xyÞ2 dx
 1
2
dx dtpjjyjj2L2x;tðH1x Þ; ð2:19Þ
This shows that pej-0 in L
2
x;tðH1x Þ as e-0; or in other words
pej ¼ %gej þ @xgej with %gej ; gej-0 in L2x;t;x:
Next, consider the term ke ¼ Gedðue  xÞ: Observe that
Ge  e
Xd
j¼1
juexj j2

p d
Xd
j¼1
juexj jjuexjxjxj j
p d
2e2
Xd
j¼1
juexj j
2 þ de
2
2
Xd
j¼1
juexjxj xj j
2: ð2:20Þ
If d ¼ Oðe3Þ the estimates in Lemma 2 imply GeAbL1ðRd  RþÞ: Thus
j/ke; ySj ¼ j/dðue  xÞGe; ySj
p sup
x;t;x
jyðx; t; xÞj 
 jjGejjL1ðRdRþÞpCjjyjjC0
and ke is bounded in measures MðRd  Rþ  RÞ:
In summary, the function we ¼ 1ðue; xÞ satisﬁes the (approximate) transport
equation
@twe þ aðxÞ 
 rwe ¼
Xd
j¼1
@xj ð %gej þ @xgej

þ @xke in D0x;t;x; ð2:21Þ
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where %gej ; g
e
j-0 in L
2ðRd  Rþ  RÞ and ke is bounded in measures MðRd  Rþ 
RÞ and precompact in W1;ploc ðRd  Rþ  RÞ; for 1ppodþ2dþ1:By the averaging lemma
(Theorem 3), Z
x
1ðue; xÞcðxÞ dx is precompact in Lploc; 1opo
d þ 2
d þ 1
for cðxÞACNc ðRÞ:
Let R be a large positive number and consider cACNc ðRÞ such that c ¼ 1 on
ðR; RÞ and 0pcp1: Then
ue 
Z
R
1ðue; xÞcðxÞ dx

 ¼
Z
R
1ðue; xÞð1 cðxÞÞ dx


p
Z N
R
j1ðue; xÞj dxþ
Z R
N
j1ðue; xÞj dx
¼ðue  RÞþ þ ðue þ RÞ:
Moreover, Z
ðue  RÞþ þ ðue þ RÞ dx dtp
Z
juej4R
juej dx dt
p 1
R
Z T
0
Z
juej2 dx dtpC
R
:
We conclude that fueg is Cauchy in L1loc;x;t:
To pass to the limit in (2.21), note that
we ¼ 1ðue; xÞ-w ¼ 1ðu; xÞ a:e: and in Lploc;x;tðLpxÞ; 1ppo2;
ke ¼ Gedðue  xÞ,k weak-% in Mx;t;x ð2:22Þ
and thus w satisﬁes
@twþ aðxÞ 
 rw ¼ @xk in D0x;t;x: ð2:23Þ
For d ¼ Oðe3Þ the bounded measure k may, in general, be non-positive. By
contrast, for d ¼ oðe3Þ the function w ¼ 1ðu; xÞ satisﬁes the kinetic formulation of
Lions–Perthame–Tadmor
@twþ aðxÞ 
 rw ¼ @xm
with m a positive, bounded measure, and thus u is the unique entropy solution of
(1.1) (see [16]). To see that, let m denote the weak-% limit:
e
Xd
j¼1
juexj j
2
 !
dðue  xÞ,m weak-% in measures:
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By Lemma 2 and (3.13), we have for d ¼ oðe3Þ
Ge  e
Xd
j¼1
juexj j2

-0 in L1x;t
and thus k ¼ mX0: &
Remark 4. The limit k is a bounded measure but we do not know whether k is a
positive measure. The sign of k depends on the sign of
Geðx; tÞ ¼ e
Xd
j¼1
ð@xj ueÞ2  d
Xd
j¼1
ð@xj ueÞð@xj xjxj ueÞ;
and it could in principle happen that the terms eð@xj ueÞ2 and dð@xj ueÞð@xj xjxj ueÞ
are comparable near shocks. Note that for 1-d scalar conservation laws, when the
ﬂux is not genuinely non-linear in the sense of Lax, diffusive–dispersive
approximation can produce in the range dBe2 non-classical shocks that dissipate
the energy but do not dissipate all the convex entropies (see [4,11] for a survey of this
subject). It will be interesting to compare this situation with the behavior of
diffusion–dispersion.
3. One-dimensional singularly perturbed higher order partial differential equations
In this section, we consider one-dimensional singularly perturbed higher order
partial differential equations:
@tu þ Df ðuÞ ¼ eD2u  dCnDnu; xAR; tX0;
uðx; 0Þ ¼ ue0ðxÞ; xAR: ð3:1Þ
Here D ¼ @@x; nAZþ; n42; e40; d40; and
Cn ¼ ð1Þ
n=2; n is even;
1 or þ 1; n is odd:
(
ð3:2Þ
We want to show that, as e-0; Eqs. (3.1) converges to
@tu þ @xf ðuÞ ¼ 0: ð3:3Þ
First, we have the following existence and uniqueness results for the Cauchy problem
(3.1) in [28].
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Theorem 5. If the flux f ðuÞ satisfy j f 0ðuÞjpCð1þ jujpÞ; 0ppo2 and u0ðxÞAH1ðRÞ;
then the Cauchy problem (3.1) admits a unique global solution uðx; tÞ and uðx; tÞ
belongs to CN;NðRþ  RÞ:
Remark 5. Zhao [27] proved the existence under the weaker initial data : If
j f 0ðuÞjpCð1þ jujÞ; f ðuÞACNðRÞ and u0ðxÞAL2ðRÞ; the Cauchy problem (3.1)
admits a unique global solution uðx; tÞ and uðx; tÞ belongs to CN;NðRþ  RÞ:
To proceed as in Section 2, we need the following uniform estimates (see [1,26–29]
for a proof):
Lemma 6. Suppose that f ðuÞACNðRÞ; j f 0ðuÞjpCð1þ jujpÞ; 0ppo2 and let
ue0ðxÞAbHn2ðRÞ when n is odd or ue0ðxÞAbH
n
2
1ðRÞ when n is even.
Then we have
ueðx; tÞAb LNðRþ; L2ðRÞÞ; ð3:4Þ
ueðx; tÞAb LNðRþ; L2ðpþ1ÞðRÞÞ; ð3:5Þ
eðDueðx; tÞÞ2 Ab L1ðR RþÞ; ð3:6Þ
dn1ðe; dÞðDn1ueðx; tÞÞ2 Ab L1ðRd  RþÞ; ð3:7Þ
where dn1ðe; dÞ is some function depending on e and d (see the remark below).
Remark 6. (1). If n ¼ 4; p ¼ 0; it is just one-d case in Section 2. If n ¼ 4; p ¼ 1; under
the condition d ¼ Oðe6Þ; Cassis [1] showed the uniform estimates (3.4)–(3.7) with
d3ðe; dÞ ¼ e2d: Later, Yin [26] improved Cassis’s result to show the convergence
under the condition d ¼ Oðe5Þ:
(2) For n ¼ 6; Zhao et al. [29] showed that d5ðe; dÞ ¼ de8=ðp2Þð1þM2ðeÞeð23pÞ=ðp2ÞÞ satisfy
(3.7). Here MðeÞ ¼ maxjujpCðjju0jjH1 Þe1=ðp2Þ j f 00ðuÞj: Also, see [26].
(3) For more general cases, see [27,29].
Now we state the main theorem of this section :
Theorem 7. Let f ðuÞ; ue0 satisfy the conditions of Lemma 6 and f ðuÞ satisfy the non-
degeneracy condition:
measfxAR j f 0ðxÞ ¼ sg ¼ 0; 8sAR: ð3:8Þ
(i) If we choose d ¼ oðeÞ such that the following holds:
d2
dn1ðe; dÞ ¼ OðeÞ; ð3:9Þ
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then solutions ue of (3.1) converge along a subsequence to a function u in L
p
locðR
RþÞ; 1opo2ðp þ 1Þ; the limiting u is a weak solution of (3.3).
(ii) If we choose d ¼ oðeÞ such that the following holds
d2
dn1ðe; dÞ ¼ oðeÞ; lime-0 dn1ðe; dÞ ¼ 0; ð3:10Þ
then u is the unique Kruzhkov entropy solution of (3.3).
Proof. If we follow as in Section 2, we have
@twe þ aðxÞDwe ¼DðHeðx; tÞdðue  xÞÞ þ @xðGeðx; tÞdðue  xÞÞ
¼: Dpe þ @xke in D0x;t;x; ð3:11Þ
where
weðx; t; xÞ ¼ 1ðue; xÞ;
Heðx; tÞ ¼ eDue  dDn1ue;
Geðx; tÞ ¼ eðDueÞ2  dDue 
 Dn1ue: ð3:12Þ
Since the remaining procedures are the same as in Section 2, we need only to show
that pe-0 in L2x;tðH1x Þ; as e-0 and ke is bounded in measures.
First note that
j/Hedðue  xÞ; yðx; t; xÞSj
¼
Z
x;t
ðeDue  dDn1ueÞyðx; t; ueðx; tÞÞ dx dt


pjjeDue  dDn1uejjL2x;t 
 jjyðx; t; u
eðx; tÞÞjjL2x;t
pC e1=2jje1=2DuejjL2x;t þ
dﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dn1
p jj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dn1
p
Dn1uejjL2x;t
 
jjyjjL2x;tðH1x Þ:
If we choose d ¼ oðeÞ such that d2
dn1ðe;dÞ ¼ OðeÞ; we can conclude that pe-0 in
L2x;tðH1x Þ; as e-0:
Also, observe that
Ge  eðDueÞ2
 p djDuejjDn1uej
p d
2
2dn1ðe; dÞ jDu
ej2 þ dn1ðe; dÞ
2
jDn1uej2: ð3:13Þ
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If we choose d ¼ oðeÞ such that d2
dn1ðe;dÞ ¼ OðeÞ; the estimates in Lemma 6 imply
GeAbL1ðR RþÞ: Thus
j/ke; ySj ¼ j/dðue  xÞGe; ySj
p sup
x;t;x
jyðx; t; xÞj 
 jjGejjL1ðRRþÞpCjjyjjC0
and ke is bounded in measures MðR Rþ  RÞ:
Moreover, if we choose d ¼ oðeÞ such that
d2
dn1ðe; dÞ ¼ oðeÞ; lime-0 dn1ðe; dÞ ¼ 0;
then keX0: &
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